1. Introduction. In a recent paper [6] , G. Higman has studied the structure of nilpotent groups G which possess fixed-point free automorphisms of prime order. In fact, he showed, if the automorphism has order q, that the group G has class at most some bound which depends only on q. We shall examine a similar situation and prove Theorem 1. To every prime p and integer « there exists an integer t(p, n) such that if G is a finite solvable group and <p is an automorphism of G of order p leaving fixed exactly pn elements of G, then the derived length of G is at most t(p, «).
From this theorem we shall be able to derive the following interesting application:
Corollary.
To every prime p there exists an integer m(p) such that if G is a p-group of maximal class then the derived length of G is at most m(p).
It is important to note that in both these statements only the existence of integers t(p, n) and m(p) is claimed. The only specific information known is that ra(2) = 2, ra(3) = 2, and m(5) = 3 (see [l ] ). Even upper bounds for the values of t(p, n) and m(p) are not known to us. Also we note that the corollary is probably far from being a best possible result, in that the derived group G' of G may well have its class bounded by a function of p.
The proof of Theorem 1 is accomplished in two stages. First the theorem is proven in the special case that G is a ^-group. This is done by examining the factors G¿/G,+i of the lower central series of G. We determine a bound for the number of generators of the groups Gi/Gi+i and show the existence of a bound for the exponent of all but finitely many of these factor groups. From these facts the theorem will be proved in the special case. Finally, the general case is proved by use of the upper ^-series of G. The following commutator identity will be very useful:
(xy, z) = (*, z)(x, z, y)(y, z). which is an element of P.+, and well defined because (G<, G,)C¡G<+, [3] . This multiplication is extended to L by the distributive laws and makes L into a Lie ring. If <p is an automorphism of G then it induces automorphisms on the factors P.-of the lower central series of G. From these automorphisms, in the obvious fashion, an automorphism $ of L may be defined.
3. Generators. We now begin the proof of Theorem 1 in the case that G is a p-group. This and the next section will study the factors of the lower central series of G. First we require the following lemmas, the first of which will also be applied elsewhere in this paper. Lemma 1. Let <j> and G be as in Theorem 1 and let G be a p-group. If K and L are subgroups of G and L is normal in K and K and L are invariant under <j> then the automorphism induced by <p on K/L has at most pn fixed elements.
Proof. To prove this statement we may assume K = G and proceed by induction on the order of L. Let 77 be the splitting extension of G by (p. Suppose first that L has order p so L is normal in H and hence central in H. If <p has more than pn fixed elements in G/7, then choose a subgroup M oí G containing L such that M has order pn+2 and <p leaves fixed each element of M/L. In H, the map of M into L sending mEM to (m, 0) is a homomorphism because L is a central subgroup of H. The kernel Mi of this map is of order at least pn+1 and consists of elements left fixed by <p. This is a contradiction and d> has at most pn fixed elements in G/L.
If L has order greater than p then since L is normal in H we can find a ^-invariant subgroup Li of L normal in G and of index p in L. By induction, <j> leaves fixed at most p" elements of G/Li and so by the preceding paragraph we are done.
Lemma 2. Let X be an elementary abelian p-group and \p an automorphism of X of order p leaving fixed at most p" elements of X. Then X is of order at most pnp.
Proof. Let Y be the splitting extension of X by \p. Lemma 1 implies that every factor of the upper central series of Y, save the last one, has order at most p", and that the last factor has order at most pn+l. To obtain a proof of this lemma it will be enough to show that Y has class at most p. But it is easily shown by induction on m, a positive integer, that if xEX, then However, as we shall argue below, the proof of this theorem, with only entirely trivial changes, gives much more, in fact it gives Theorem 3. To each prime p corresponds an integer k(p) such that if a Lie ring L has an automorphism of order p, all of whose fixed elements lie in an ideal I of L, then (pL)k{v)C.I.
Before discussing the proof of Theorem 3 let us show how this theorem contributes to the proof of Theorem 1. We in fact obtain Lemma 4. Let <b and G be as in Theorem 1 and let G be a p-group. Then, if i^k(p), G¿/G,+i has exponent at most pk^i+n.
Proof. Let L be the Lie ring of G and $ the automorphism of L corresponding to <p. Lemma 1 of the previous section shows that the automorphism <p induces on each G./G.+i has at most pn fixed elements, for each »2; 1. Hence, the fixed elements of $ all lie in the ideal 7 of elements of L of order at most pn. We may now apply Theorem 3 and obtain, since pn7 = 0, that p*o>>+nZ,*<J>> =0, or 7i(p) has exponent at most p*(p'+n. But Lk(p) is the direct sum of the groups G,/G1+i for i^k(p) so each of these factor groups has exponent at most pk^+n and the lemma is proved.
The first step of the proof of Theorem 3 is to consider the ring L as an algebra over the integers and extend L to an algebra M = Z(ui) ®L over the ring Z(o>) where Z(co) is the ring obtained by adjoining to Z a primitive pth root of unity w. Let J = Z(w)(g)I be the ideal of M obtained by extension of the ideal 7 of L. To each element x of L and each integer i, 0i=7^p-1, is defined
where a is the automorphism mentioned in the theorem. Since px = xa+Xi+ • • • +Xp_i the subring 5 of M generated by all the elements x,-contains pL. Furthermore, S is invariant under a since Xia=(xa)i and the fixed points of S under a lie in the ideal Ji = JH*S of 5. We are reduced now to the following situation: a is an automorphism of order p of a Lie ring 5 which is generated by elements y such that y = o)'y for various integers i. We now wish to prove that 5*(")Ç7i. From this will follow (pL)k™QI since Jxr\pL = I(~\pL.
But the remainder of the proof of Theorem 2 [6, p. 328] suffices for this, provided only that the equations of that proof are replaced by congruences modulo the ideal 7i. We now proceed with the proof of the general case. However, we shall prove the theorem restated in the following form, which is easily seen to be equivalent by use of splitting extensions: Theorem 1. If G is a finite solvable group and x is an element of G of prime order p and the centralizer of x is of order pn then the derived length of G is bounded by a function of p and n.
Proof. Let N be the largest normal //-subgroup3 of G. Then the element x induces a fixed-point free automorphism of N so that N is nilpotent and of class at most a bound depending only on p [6] . If P is a />-Sylow subgroup of G containing the centralizer of x then the natural map of P onto PN/N is an isomorphism because N consists of elements of order prime to p. Hence, the centralizer of xN in PN/N is of order pn, so that if P*/N is the greatest normal ^-subgroup4 of G/N then xN induces in P*/N an automorphism of order p which leaves fixed at most pn elements. Since Theorem 1 has been proved for ^-groups we have as a consequence that P*/N has derived length at most a bound which depends only on p and n.
We shall conclude this proof by demonstrating that G/P* has order at most a certain function of p and n. Let C/N be a ^-complement of G/N [4]. Since P*/N is self-centralizing in G/N [5] , C/N may be regarded as a group of automorphisms of P*/N. However, since C/N has order prime to p, C/N is faithfully represented by the automorphisms induced on F = (P*/N)/$(P*/N) [3] . But Lemma 3 shows that F has order at most pnp so the order of C/N is at most pnp\. Similarly, a pSylow subgroup of G/P* may be considered as a group of automorphisms of the greatest normal //-subgroup of G/P* and so has a bounded order. Thus we have described a bound for the order of G/P*, namely the product of pnv\ and (pnp].) !, and the theorem is proved.
' A //-subgroup is a subgroup all of whose elements have order prime to p. * A p-subgroup is a subgroup of order a power of p. In closing, the author should like to express his appreciation for the advice and criticism of Professor G. Higman.
